This paper presents a sequential approach with matrix framework for solving various kinds of economic dispatch problems. The objective of the economic dispatch problems of electrical power generation is to schedule the committed generating units output so as to meet the required load demand while satisfying the system equality and inequality constraints. This is a maiden approach developed to obtain the optimal dispatches of generating units for all possible load demands of power system in a single execution. The feasibility of the proposed method is demonstrated by solving economic load dispatch problem, combined economic and emission dispatch problem, multiarea economic dispatch problem and economic dispatch problem with multiple fuel options. The proposed methodology is tested with different scale of power systems. The generating unit operational constraints are also considered. The simulation results obtained by proposed methodology for various economic dispatch problems are compared with previous literatures in terms of solution quality. Numerical simulation results indicate an improvement in total cost saving and hence the superiority of the proposed method is also revealed for economic dispatch problems.
Introduction
The primary objective of the economic dispatch problem is to schedule the generations of thermal units so as to meet the required load demand at minimum operating cost while satisfying the individual and system operating constraints. Traditionally, the cost function for generating units has been approximated as a quadratic function. A variety of optimization techniques has been used for solving economic dispatch problems. The conventional methods include traditional lambda-iteration method, the base point and participation factors method, and the gradient methods are suggested to solve economic dispatch problems [1, 2] . The applications of classical methods, such as linear or quadratic programming are also applied for solving economic dispatch problems [3, 4] .
The methods based on operational research and artificial intelligence concepts such as genetic algorithm, evolutionary algorithms, fuzzy and artificial neural networks have been given attention for solving economic dispatch problems because of their ability to find the solution near global optimal. Simulated Annealing technique (SA) and Genetic Algorithm (GA) have been applied to determine the optimal generation schedule for economic dispatch problem in a power system [5, 6] . Artificial neural network based models are developed for the solution of economic power dispatch problem [7, 8] . Particle Swarm Optimization method (PSO) has been applied for solving economic dispatch problems with various operating constraints like prohibited operating zones and ramp rate limits [9, 10] . Evolutionary strategy based algorithm is suggested for solving economic dispatch problem [11] . A partition approach based solution for economic dispatch problems considering the physical limitations of the system is presented [12] . An enhanced Hopfield neural network model is developed to solve economic dispatch problems [13] . The heuristic search techniques such as Differential Evolution (DE), Chaotic and ant swarm optimization algorithm and Direct Search GA (DSGA) have been applied to solve economic dispatch problems [14] [15] [16] [17] . Hybrid approaches including SA-PSO and Bacterial foraging-Nelder Mead method have also been developed to obtain the dispatches of generating units [18, 19] . Due to environmental concerns, Combined Economic and Emission Dispatch (CEED) problem has been formulated to determine the optimal amount of generated power for the generating units in the system by minimizing the fuel cost and emission level simultaneously subject to various system constraints. The passage of clean air act amendments in 1990 has forced utilities to reduce their SO 2 and NOx emissions since both are the primary power plant emissions [20] . A general formulation based on the Lagrange relaxation method is presented for solving environmental constrained economic dispatch problem [21] . Lamount and Qbesses detailed various emission dispatching strategies and solution procedure based on emission shadow prices [22] . Srikrishna and Palanichamy suggested price penalty factor to convert bi objective function into a single objective function [23] . Fuzzy logic and neural network models are developed for solving this multiobjective optimization problem [24] [25] [26] [27] [28] . The heuristic search methods are applied to solve this problem [29, 30] . Quadratic Programming (QP) method based solution for this multi objective problem is presented [31] .
Dynamic programming recursive approach is developed for solving emission constrained economic dispatch problem [32] . L. Wang and C. Singh investigated to solve this problem by applying a fuzzified multi objective particle swarm optimization algorithm [33] . An approach based on constrained pattern search method is presented to solve this problem [34] . Simplified recursive approach is presented for the solution of this multiobjective optimization problem [35] . The authors developed a generalized equation to find the optimal generations of units. Palanichamy and Sundar Babu developed direct method for solving this type of problems based on mathematical modeling [36] . Artificial neural network (ANN), Fuzzy logic based models and heuristic search techniques are used for solving this multiobjective problem [37] [38] [39] [40] .
The economic dispatch problem of a power system is extended to take into consideration of additional necessary constraints such as transmission capacity limits to ensure security of the system. Direct Search Method (DSM) and ANN models have been suggested for solving the multi area economic dispatch problem [41, 42] .
In certain fossil fired generating units use different fuels hence the cost function are represented as a segmented piecewise quadratic function. This problem faces with the problem of identification of the most economical fuel of each unit. Lin and Viviani reported Hierarchical Method [HM] to solve the economic dispatch problem with piecewise quadratic functions [43] . Artificial neural network models and heuristic search techniques are used for solve this problem [44] [45] [46] [47] [48] .
In this article, simplified methodology is presented for solving economic dispatch problems namely, large scale economic dispatch, economic dispatch with operational constraints, combined economic and emission dispatch, multi area economic dispatch and economic dispatch with multiple fuel options. The proposed approach is demonstrated with suitable test systems.
Problem Formulation
The problem formulation for economic dispatch, combined economic and emission dispatch, multiarea economic dispatch and economic dispatch with multiple fuel options are described as follows.
Economic Dispatch (ED) Problem with Generator Operating Constraints
The objective of economic dispatch is to simultaneously minimize the generation cost rate and to meet the load demand of a power system over some appropriate period while satisfying various operating constraints. The objective function of an economic dispatch problem can be formulated as,
Constraints 1) Power balance constraint
The transmission loss can be expressed as,
or approximately
2) Generator operational constraints a. Generator capacity constraint i,min i i,max
b. Ramp rate limits The inequality constraints due to ramp rate limits for unit generation changes are given 1) as generation increases
2) as generation decreases
The generator operation constraint after including ramp rate limit of generators can be described as, 
Combined Economic and Emission Dispatch (CEED) Problem
This problem is formulated by including the reduction of emission as an objective. Like the fuel cost function given in (1), the total emission of generation E T (kg/h) can be expressed by a quadratic function of generation as,
A multi-objective optimization problem is converted in to a single objective optimization problem by introducing price penalty factor h as follows,
and this objective function has to satisfy the power balance constraint and the generation capacity constraints. The price penalty factor that coordinates the emission with the normal fuel cost.
Multi Area Economic Dispatch (MAED) Problem
The objective of multi area economic dispatch is to determine the generation levels and the interchange power between areas that minimize the system operation cost while satisfying a set of constraints as,
Subject to 1) Area power balance constraint
2) Generation limits constraint mn,min mn mn,max
3) Tie line limits constraint
Economic Dispatch Problem with Multiple Fuel Options (EDMFO)
In economic dispatch problem, the fuel cost of each generator is represented by a single quadratic cost function. Owing to multiple fuel options, the cost function may become piecewise quadratic. Hence, the economic dispatch problem with piecewise quadratic function is defined as,
where,
a P +b P +c , fuel ,P P P a P +b P +c , fuel ,P P P F (P )= .
a P +b P +c , fuel m,P P P
This objective function is minimized subject to power balance constraint.
Solution Methodology

Demonstration of Sequential Approach with Matrix Framework
Sequential approach with matrix framework is proposed for solving economic dispatch problems. This is the first method developed to obtain the optimal dispatches for all possible load demands in a system. The demonstration of the solution methodology is presented in this section. The electric power production in a power plant is allowed to vary from minimum technical limit (P min ) to maximum technical limit (P max ). Initially the P i,min of all generating units in a power plant are considered as initial state input values and is represented by a single dimensional matrix as,
Based on the above single dimensional matrix, a square matrix (I) is developed to identify the economic schedule of generation. The formation of the square matrix is as follows. The process starts with a step increment in generation by Δ MW in P 1,min by keeping the remaining units at its input value. This will form first row of the square matrix.
The increment in generation is made in the second element by keeping the other elements at its input value that leads to the development of second row of the square matrix. 
In the same logic, an increment is made for remaining units one at a time and a square matrix with a dimension equal to the number of units has been developed. For every step increment in the operating range of the plant the unit one at a time is allowed to experience the change in generation thus leads to the formation of the square matrix.
The detailed computational flow of the proposed method is presented in Figure 1 . The proposed methodology in the form of matrix framework to support the demonstration is as follows. 
Each element in the square matrix represents the generation of a unit corresponding to the column that should satisfy the unit capacity constraints. In addition, the operational constraints such as ramp rate limits and prohibited operating zones are also enforced. The operating regions of the unit after including ramp rate limits are identified as mentioned in Equation (8) . The operating regions of the units having prohibited operating zones are separated into isolated sub regions and it is identified using Equation (9) . The operating regions of the units having prohibited operating zones and ramp rate constraints are obtained as mentioned earlier. The units are allowed to operate in the one of the operating zones. If the generation of a unit falls in a prohibited operating zone, the feasible optimal level would most likely to be located in any one of the adjacent feasible operating regions, that is, the operating region above or below the prohibited operating zone.
Simulations Results and Discussions
A simplified methodology based on sequential approach with matrix framework is developed for solving different kinds of economic dispatch problems. The effectiveness of this approach is tested for solving various kinds of economic dispatch problems including combined economic and emission dispatch problem, multi area economic dispatch problem and economic dispatch with multiple fuel options.
In the square matrix the unit generations of each row that satisfy the constraints are identified and total fuel cost of generation is evaluated. The desired economic schedule of generation is identified by analyzing fitness of each row. The fitness function of each row is calculated as,
The algorithm for solving the examples were implemented in Matlab 7.0 platform and executed with Pentium IV, 2.8 GHz personal computer. The proposed methodology provides the optimal schedule of generations for all possible load demands which is varied from minimum technical limit by a small increment to maximum technical limit of the system. The selection of increment is also an important factor. Too large increment may end up with unfeasible solution and too small increment may take long execution time. Based on experience, the desired increment is chosen as 1 MW.
where, pd is the total of input values. The schedule with the minimum fitness is chosen as the successive state input values. This process is repeated till all the generating units reach their maximum generation capacity. The feasible solutions for every increment from P min to P max are obtained and hence the best solution for any load demand falls in the operating boundary can be easily sited.
Case A: Economic Dispatch (ED) Problem with Generator Operating Constraints
The objective is the minimization of total fuel cost subject to power balance and generator operational constraints. The effectiveness and efficiency of the developed approach is tested with large scale economic disIn practical applications, the total generation must be equal to the power demand and transmission loss. In such cases, the power balance constraint is exactly met by calculating the diagonal unit generation as follows.
i= i+1
Choose the row corresponding to best fitness as Input values.
Start
Read system data, and load demand.
Create initial matrix.
i =1
Create the i th row of square matrix by increasing the generation of i th unit by Δ MW.
Check for desired operating region
Fix to adjacent desired region.
If i = n
Compute total power generation, total fuel cost and fitness of each row.
Choose the row with best fitness.
If P G = P max Print the optimal dispatches for all load demands. patch problem and economic dispatch problem with generator operational constraints. The 40 unit and 15 unit sample systems are considered for the case studies. The first sample system consists of forty units in the realistic Taipower system that is a large scale and mixed -generating system where coal-fired, oil-fired, gas-fired, diesel and combined cycle are present. The cost coefficients and maximum and minimum generation limits of the sample system are available in literature [15] . The simulation results for load demands of 9000 MW, 9500 MW and 10500 MW are compared with Simulated Annealing (SA) [15] , Genetic Algorithm (GA) [15] , Hybrid Differential Evolution (HDE) [15] , Variable Scaling Hybrid Differential Evolution (VSHDE) [15] and Direct Search Genetic Algorithm (DSGA) [17] and the comparison of results are presented in Table 1 . As seen from comparison, the proposed method provides the minimum generation cost for above mentioned load demands. It also clears that the proposed methodology is efficient to solve large scale economic dispatch problems. The cost coefficients, maximum and minimum generation limits, ramp rate limits and prohibited operating zones and the transmission loss coefficients with a base capacity of 100 MVA of the fifteen unit sample system are reported in the literature [9] . The minimum and maximum technical limits of the system are 915 MW and 3542 MW respectively. The operating regions of the unit are identified after incorporating ramp rate limits and prohibited operating zone constraints. The transmission loss is calculated using transmission loss matrix or B coefficients. The power balance is exactly met by evaluating the generation using Equation (23) . The generations of the units neglecting transmission loss are treated as input values for the successive state. The optimum generations of individual thermal units and total fuel cost for the load demand of 2630 MW are presented in Table  2 . The simulation result is compared with GA [9] , PSO [9] , Modified PSO (MPSO) [18] and Adaptive Bacterial Foraging-Nelder Mead method (ABFNM) [19] and the comparison of results are presented in Table 3 . It is clear from the comparison of results that the proposed method provides better schedule of generations to meet the load demand with existing techniques.
Case B: Combined Economic and Emission Dispatch (CEED) Problem
The objective of this multi objective optimization problem is to determine the optimal generations of thermal units by minimizing the total fuel cost and emission simultaneously subject to various system operating constraints. The price penalty factor multiobjective optimization problem can be converted into a single objective optimization problem. Various price penalty factors [23, 31, 35] are suggested and among these maximum price penalty factor is chosen for combining cost of fuel plus the implied cost of emission as it offers a very good solution for emission restricted less cost condition [35] . In this article the maximum price penalty factor is considered. The maximum price penalty factor of each genera- [19] 28.9470 32784.5024 MPSO [18] 30.908 32708 PSO [9] 32.431 32858 GA [9] 38.278 33113
tor is the ratio between the fuel cost and emission at its maximum power output.
The effectiveness of the proposed approach has been analyzed with 6 unit test system. The system details including cost coefficients, emission coefficients, minimum and maximum generation limits and transmission loss coefficients are given in [40] . The optimal dispatches are obtained for load demands vary from 345 MW to 1350 MW. The simulation results are compared with λ-iteration method [39] , Quadratic Programming (QP) [31] , Artificial Immune System (AIS) [39] and NSGA II-MADM [40] for a load demand of 700 MW. The comparison of total fuel cost, total emission and transmission loss is tabulated in Table 4 . The comparison clearly indicates the significant reduction in fuel cost and transmission losses over earlier reports and the solution obtained by the proposed approach is close agreement with λ-iteration method.
For most of the load demands, the proposed method yields better results and they are in good agreement with the existing methods. The economic and environmental dispatch is conflicting multiobjective problem when the fuel cost increases the emission level decreases and hence in vice versa. As per the above statement, for some load conditions, there is a slight deviation in cost and emission with respect to the other existing methods.
Case C: Multi Area Economic Dispatch (MAED) Problem
The economic dispatch problem is extended to take into Copyright © 2010 SciRes. EPE considerations of transmission capacity limits to ensure the security of the system. A two area system with four thermal generating units is considered to illustrate the effectiveness of the proposed approach. The system data are available in the literature [41] . The total load demand in area 1 and area 2 are 70% and 30% of total load demand respectively and these two areas are interconnected through transmission lines. Each area consists of two generating units and for the sake of comparison with earlier reports transmission losses are not considered. The line flow limits of 90 MW, 120 MW and 200 MW are considered for the analysis. The optimum generations of individual units of each area for load demand of 1200 MW including transmission line limits are tabulated in Table 5 . The total generation of area 2 is greater than the total generation of area 1 that can export as much economical excess as power to area 1 to satisfy the requirement in area 1 without violating transmission line flow limits. The results obtained by this proposed methodology are [41] and Neural Network (NN) [42] and the comparison of results are presented in Table 6 .
Case D: Economic Dispatch Problem with Multiple Fuel Options (EDMFO)
The economic dispatch problem with multiple fuel options has been solved in two phases. In first phase, the most economic fuel of each generating unit is identified. The economic dispatch of generating units is determined by a sequential approach with the selected fuels in second phase. The implementation procedure of the proposed methodology has been detailed as follows. The primary search process calculates the composite cost function of each generating unit and the detailed derivation of composite cost coefficients are presented in Appendix. Then sequential approach with matrix framework is performed to identify the most economic fuel of each unit. The composite function and capacity of the units are using for the above process. This phase provides the generation dispatches and the fuel corresponding to the dispatches is known as the most economic fuel. The generation limits corresponding to the selected fuel is the desired operating region of the unit. At the end of first phase, the most economic fuel and the desired operating region of each unit are obtained. In second phase, the generation dispatches of the units are refined within the desired operating regions. The cost functions of the selected fuels are considered and sequential approach with matrix framework is performed again to obtain the optimal dispatches of generating units.
The effectiveness of this proposed approach for solving this problem is tested with a sample system consists of ten generating units, each unit with two or three fuel options. The details of fuel options, cost coefficients and maximum and minimum generations of each fuel in each generating unit are available in the literature [43] . The simulation result for load demand of 2700 MW is de-tailed in Table 7 . The total fuel cost for load demands of 2500 MW, 2600 MW and 2700 MW obtained by this methodology, Hierarchical Method (HM) [43] , Hopfield Neural Network (HNN) [44] , Adaptive Hopfield Neural Network (AHNN) [45] , Hybrid Genetic Algorithm (HGA) [46] , Classical Evolutionary Programming (CEP) [47] , Fast Evolutionary Programming (FEP) [47] , Improved Fast Evolutionary Programming (IFEP) [47] and Particle Swarm Optimization [48] are compared and the comparison of results are detailed in Table 8 . From the comparison of results, it is clear that the proposed approach provides comparable result for economic dispatch problem with piecewise quadratic function.
The computational time for the above case studies by the proposed approach is presented in Table 9 .
The proposed methodology has following merits.  From these studies, this approach has the competence to solve various types of economic dispatch problem.
 It is a first method that provides the optimal solution for all possible load demands of system in a single run.
 It provides the schedule with minimum total cost in all cases hence global optimal solution.
 The performance of the proposed approach is independent of the number of generating units in the system and hence it is suitable for system of any size.
 The computational procedure is minimal.  It offers the solution for all load demands of a system hence it takes a reasonable execution time.
Conclusions
This article presents sequential approach with matrix framework for solving various kinds of economic dispatch problems. The proposed methodology is validated by solving the different economic load dispatch problem such as large scale economic dispatch, economic dispatch with generator operating constraints, combined economic and emission dispatch, multiarea economic dispatch and economic dispatch with multiple fuel options. The different scale of power systems are considered in each case. The practical operational constraints of generators like ramp rate limits and prohibited operating zones are also taken into account for the solution of economic dispatch problems. The price penalty factor approach is used to convert the multi objective optimization problem into single objective optimization problem and maximum price penalty factor is considered as it offers very good solution for emission constrained less cost condition. The proposed approach is extended for solving economic dispatch problems with line flow constraints. Further, simple methodology for solving economic dispatch problem with multiple fuel options is presented. The most economic fuel of generating unit is identified by using the composite cost function and sequential approach with matrix frame work. These decentralized approaches provide simple solution methodology for economic dispatch problem with multiple fuel options. The simulation results of different case studies are compared with recent reports. The comparison of results concludes that the proposed methodology provides the minimum total fuel cost hence global optimal solution for various types of economic dispatch problems.
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